ON INTEGRAL EQUATIONS WITH
DISCONTINUOUS KERNELS*

BY
J. D. TAMARKIN ano RUDOLPH E. LANGER

1. Introduction. In recent publications the authors have individually
considered boundary value and expansion problems arising from the integral
equation of the type

8
0 30 = o f I(¢,7)y(r)dr,

when the kernel presents certain features of finite discontinuity along the
line t=7. Kernels of this kind are typified by the Green’s functions of
ordinary differential equations with boundary conditions, and it was first
noticed by Birkhoff that this fact might serve as a basis for the development
of a theory of integral equations of this type. The discussion of the case in
which the kernel itself is discontinuous was given by Langerf and more
recently the discussion of the case in which the discontinuities occur in the
first partial derivatives of the kernel, the kernel itself being continuous, was
given by Langer jointly with Mrs. E. P. Brown.} A history of the problem
may be found in the introductions to these papers. The method of attack
in each case depends upon a transformation of the integral equation into an
integro-differential system.

A theory of integro-differential systems composed of an equation with
boundary conditions has meanwhile been given independently by Tamarkin,§
who showed also the applicability of this theory to the integral equation in
which the kernel is discontinuous by giving a reduction (distinct from
that of the papers mentioned above) of the integral equation to a system of
the type considered.

The present paper is given to the discussion ot the equation of type (1)
in which the kernel and its partial derivatives of order (n—2) are continuous

* Presented to the Society, December 28, 1926; received by the editors in December, 1927.

1 On the theory of integral equations with discontinuous kernels, these Transactions, vol. 28 (1926),
pp. 585-639.

1 On a dass of integral equations with discontinuous kernels, these Transactions, vol. 29 (1927),
pp. 683-715.

§ The notion of the Green’s function in the theory of integro-differential equations, thess Transac-
tions, vol. 29 (1927), pp. 755-800.
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and the discontinuities along the line £=7 occur in the partial derivatives of
higher order. Of the papers mentioned above those by Tamarkin and Langer
respectively will be referred to in the text by [T] and by [L]. By [B] we
refer to a paper by Birkhoff* of which we make frequent use.

2. The given equation. We consider the integral equation (1) supposing
the kernel to be possessed of the following properties in the region

as y =8.
T

(i) The kernel and its partial derivatives to those of order (n—2)
(n=2) are continuous in (¢, 7).

(ii) The partial derivatives of orders (#—1) to 37 exist, are continuous
except on the line =7, and as the point (#, 7) approaches any point (f,, )
along a path having no points in common with the line =7 these derivatives
tend to definite limiting values which are independent of the path and are
continuous in ¢.

(iii)

M]FH.E ¢(g) # 0.

dim1

T f—

Under these hypotheses the function ¢(#) is continuous and we may
assume without loss of generality that

©)) o) =2 ¢ >0,

since this involves at most a change in the sign of p.

3. The normalization of the equation. Since ¢(f) satisfies the relation
(2) its integral is monotonic increasing, and hence, the independent variable
of the given equation may be changed by the substitution [L, §3]

1 ¢ 1 T
3) x =Tf o(8)t/dt, E=7f o(r)Vndr,
where

B
I = f $(1)1Idt,

This reduces the equation to the form

1
@ w(z) = f K(z,Du(®)dt,

* Boundary value and expansion problems etc., these Transactions, vol. 9 (1908), pp. 373-395.
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where we have set
K(x ’f) = l-”+lr(t ) T)¢(7)_"”7

A=,
u(x) = y(0), u(® = y().

We shall designate the equation in the form (4) as the “normalized equation.”
The properties of its kernel are readily found to be the following:

(A) The kernel and its partial derivatives to those of order (#—2) are
continuous in (x, £).

(B) The partial derivatives of orders (#—1) to (2#+1) exist and are con-
tinuous except for  =§, and as the point (x, £) approaches any point (xo, 2o)
along a path having no points in common with the line x =£ these derivatives
tend to definite limiting values which are independent of the path and are
continuous in x.

(C) If we abbreviate by setting

t=ot

Joif= Ds‘De"f(x,E)]b_
then

JM-I—O.IKE(— 1)' (S=0»1’2"°"”—1)°
The proof of (C) is easily made to depend on the following lemma [L,
2].*
Lemma. If F(t, 7) is any function whose pariial derivatives of the first
order are possessed of property (ii) above, then
dF(t,t +)
— " Ft,t + )+ F(t,t +).

4. Transformation of the integral equation into an integro-differential
equation.| In virtue of the properties of the kernel K(z, £) we find by dif-
ferentiation of equation (4) that

1
(5) “(')(x) = L D:K(x,ﬁ))\“(i)df, fors = 0,1,2, .-+, n—1,

1
(©) 4 W(x) = — u2) + fo DK (x, M(®)de.

* Cf. also Hammerstein, Uber die asymptotische Darstellung der Eigenfunktionen linearer In-
tegralgleickungen, Mathematische Annalen, vol. 93 (1924), p. 113.

t The method is that of [T, §§29-31]. Cf. also the method of achieving such a transformation in
[L, Ch. 3] and Langer and Brown, loc. cit., Ch. 3.
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We shall make now the further hypothesis
(iv) The given equation is such that the kernel

E(x,t) = D K(x,¢)

is possessed of a reciprocal kernel @(x, £), defined by
1 1
B0 + 60 = [ B@,9€6,08 = [ 956,00,
[] [}

Then considering (6) formally as an equation in Ax(x) with ™ (x) known,
we may write it in the “solved” form

™ i) = — 4 () + f &z, H)um(B)dt.
0

1t is readily verified that €(x, £) possesses the property (B) of the normalized
kernel with (27+41) replaced by (n+1). The repeated integration by parts
of the integral in (7) yields for that equation the form

® L)+ = T O0.(a) + w00 + [ Sr,Dul0t
where
L(u) = u™(x) + pux)u"P(x) + - - - + pa(2)u(x),
pi(x) = (— D)"e,i.€,
$0.:(x) = — (= 1)"D"—*€(2,0), ¢1,i(x) = (— 1)**Dp—€(x,1),
f(x,8) = (— DD €(x,8).

5. The boundary conditions. Every solution of (4) thus satisfies also
the equation (8). In addition, however, it satisfies certain boundary con-
ditions which may be obtained as follows.* Set £=0 in equations (5) and
substitute in the integral the value of Mu(£) as given formally by solving (8)
for the second term on its left. With the use of Green’s identity

1
f {sL(u) — uL'(v) }dx = P(u,v),
0
where L’ is the operator adjoint to L, and P(u, v) is the corresponding bilinear

form in «®(0), »(1) and v@(0), v@(1), j=1, 2, - - -, (n—1), we readily
obtain the result in the form

*L,§§10,31; T, § 29.
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©) Li(w) = f i Ou(®)d G=1,2,-,m,

where

1
Li(u) = u%0(0) + P(u,K;) — Z{“(""‘)(O) j; Ki(£)o,i(t)dE

=1

ey K.~<s>¢1.,-(z>ds},
0

1
10 o = - L&) + [ xaos0,0a,

K{) = Di7' K(0,%).

We state this result as follows.

THEOREM 1. Every solution of the normalized integral equation (4) is also
a solution of the integro-differential system composed of the equation (8) and
the boundary conditions (9).

6. The equivalence of the integro-differential system and the integral
equation. We consider now the non-homogeneous system

(11)  L(w) + M = f(x) +i{“(i—l)(0)¢o.i(x) + D (1)¢y,i() }

=1
+ f fx, Du(e)d,

together with the boundary conditions (9). The equation (11) differs from
(8) only in the presence of the term f(x) which is taken to be an arbitrary
continuous function. We shall show that this system is equivalent to a
non-homogeneous integral equation of the second kind.

Since (8) and (7) are equivalent forms of the same equality it is clear that
(11) is equivalent to the equation

4™(x) = f(x) — M=) + f 6z, H)u™ ()dt,
0

and since E(x, £) is the resolvent kernel of €(x, £) this equation may be
“solved” to give

1
(12) 4W(x) = f(x) — Mi(x) — f Ez, D {/®) — Mi(®) }dt.
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Recalling that (6) is obtained from (4) by an n-fold differentiation it becomes
clear that (12) may be written

d» 1
(13) w(#) = — f K(,8) @) — £(0) }de.

Let the values (10) be substituted now into the equations (9). These
become then

w00 = [ DIKO,0{ — L) + L0060, + w21 0)]
+ [ e,

or, in virtue of (11),
wo@ = [ DIKO,ODM® — [©)dE  (=0,1,2,---, n—1).
[ ]

With this fact it becomes clear that in each of the first # successive integra-
tions of (13) the constant of integration is zero, so that we obtain from (13)

1
(14) w(z) = F(z) + f K(z,0u(9)dt,

where

F(z) = — f K(z,9f(8)dk.

Hence every solution of the system (11), (9) is also a solution of equation (14).

Lastly it is clear that the system composed of (11) and (9) is not intrin-
sically altered if we replace in (11) every quantity of the set »((0), #(1),
7=0,1,2, - - -, (n—1), which is expressible linearly in terms of the quantities
Li(u), by their values as given by (9). If this is done, the system (11), (9)
may be written in the form

@ L)+ =S + T e [ M ouod,
(15) L
(b) L) = [ a@ueie G=1,2,--,m,
[}

where the I;(x), j=1, 2, - - -, m, are simply those of quantities %*(0),
%®(1) which are linearly independent of the quantities L;(x).

We have shown, then, that every solution of (15) is a solution of (14).
The converse is easily shown by treating equation (14) as the corresponding
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homogeneous equation (4) was treated in §4. Hence we may state the
following theorem:

THEOREM 2. Under the hypothesis (iv) the integral equation (14) and the
integro-differential system (15) are equivalent in the semse that every solution
of either is also a solution of the other.

COROLLARY. Under the hypothesis (iv) the given integral equation (4) is
equivalent to the homogeneous differential system obtained from (15) by setting
fx)=0.

7. The Green’s function of system (15). The integro-differential system
of a type under which system (15) is included has been studied in paper
[T]. To ascertain the availability of the results obtained there we must
consider the hypotheses made [T: §10, A, i-v; §13, B, i-ii; §19, C, i-v] and
whether they are satisfied by the system in hand. Due to the specialized
structure of system (15) it is readily found that of these hypotheses some
[T: A,i,iii; B, i;C, iHii, v] are automatically satisfied. To meet the con-
ditions [T: A, ii, v; C, iv] we must make the following hypothesis:

(v) The partial derivatives of order (2#+1) of K(x, £) are of bounded
variation in £ for fixed x and in x for fixed £, and are of uniformly bounded
total variation on (0, 1).

To meet the remaining conditions [T: A, iv; B, ii] we must suppose
further that the given integral equation is such that

(vi) The auxiliary differential system

L(w) + M = f(2),
Li(w) =0 (i=1,2,---,m)

is regular in the sense of Birkhoff [B, pp. 382-383].

By Theorem 2 the system (15) and the equation (14) have the same
characteristic values. Let us suppose that A is not such a value. Then the
system (15) admits of a unique solution [T, Theorems 1, 2, 3] which is
expressible in the form

(15

(16) ut) = | T, NfOL,

where I'(z, ¢, \) is the Green’s function of system (15).* On the other hand

since \ is not a characteristic value the equation (14) possesses a resolvent
kernel ®(x, ¢, \) in terms of which the equation may be written

* The notation here differs slightly from that in [T, Ch. 1] where the Green’s function is written
I'(x, ¢, p) while p*=A.
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1
M@=H@—xf@umMHML
0
Substituting in this the value of F(x), and recalling the relation

KGe) + 2,40 = [ 20, ENEE0E,
we find that .
a7 m@=fmwmma

Now I'(x, ¢,\) and &(x, ¢, \) are both meromorphic functions of X with poles
at the characteristic values of system (15). From this fact together with
the fact that the right hand members of (16) and (17) are identical for an
arbitrary choice f(#), it follows that

I'(x,t,\) = K(x,¢,N).

8. The characteristic values. We consider now in conjunction with the
system (15) the associated differential system (15’). If we denote the
Green’s function of (15’) by I'/(x, ¢, \) we find directly that (15') is ex-
pressible in the form of the integral equation

(14') u@=mﬂ+xf}umwm,
where '

K'(x") = - I"(x,t,O),
and

mﬁs~f}uﬂmu
[\]

There is no loss in generality in supposing that A =0 is not a characteristic
value of system (15’), since a translation of the plane would not affect the

character of the system.

It is clear that the resolvent kernel of K'(x, ¢) is I'/(x, ¢, \). Hence if
A=)/ is any characteristic value of the equation (14’) we draw from the
theory of the Fredholm equation* the fact that the coefficient of A\ —\/)-1
in the expansion of I'’(x, ¢, \) in ascending powers of (\—\/) is

(18) PRTOZ0)

where {¢;, ¥;} is the biorthogonal set of fundamental functions of (14’)

* Cf. Lalesco, Introduction d la Théorie des Equations Intégrales, Paris, 1912, pp. 40-59.
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corresponding to A=\/.* These functions are characteristic functions,
i.e. solutions of the equation, when and only when A=)/ is a simple pole
of I'(x, ¢, \). The integer o, is called the multiplicity of the corresponding
characteristic value.

Let the subscripts be assigned to the characteristic values now so that

(19" IM] =M=,

each value N/ being repeated in this array a number of times equal to its
index of multiplicity. The corresponding biorthogonal system of fundamental
functions we designate by

{u',(x)’ vr,(x)} (y=1’2’ ...).

In similar fashion we arrange the characteristic values and fundamental
functions of equation (14) in the array

RS E-EEE

{u(2), v,(x)}.

Let the positive constart § be chosen now arbitrarily small and let
the circles ¢/ with radii & and centers at the points A,/ be drawn in the A
plane. It is known [T, §23] that there exist infinitely many characteristic
values \, and moreover that all those characteristic values which exceed
in absolute value a certain constant A (which depends on §) lie within the
circles ¢/ .

Due to the similarities of structure of the systems (15) and (15’) the
statement above may be made somewhat more precise. The set of values
(17’) are given by formulas [B, p. 383-385]

E
(20) N o= — (% 2wri)"(1 -;-ﬁ+_2 ,
14 1 4

19)

where « is a constant. Hence the constant § may be chosen so small that for

[\ | sufficiently large no two of the small circles ¢/ have points in common.
Then since the residue of I''(x, £, A) at \/ is given by (18), the set {¢;, ¥:}
being biorthogonal we have

1 1
(21") —f, f I'(x,x,\)dxd\ = o/ .
Cy 0

27t
Similarly we have

1 1
(21) ——f f I'(x,x,\)dxd\ = o,,
271 ¢y, Jo

* These functions are called principal functions in the discussion of a more general boundary
problem not linear in\. Cf.Tamarkin,Some general problems of the theory of ordinary linear differential
equations, etc., Mathematische Zeitschrift, vol. 27 (1927), pp. 1-54.
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and o, represents the number of members of the set (19) which lie within
the circle ¢, ; ¢/ represents, of course, the number of members in set (17')
which liein ¢/.

On the other hand if we set p®»=X\ and consider for the moment the situ-
ation in the p-plane, it is known [T, §§19-21] that the dominant terms of
I'(x, ¢, \) and I'(x, £, \) are the same (they depend only on the differential
operator L(x)) provided that |p| is sufficiently large and that |p—5| is
uniformly bounded from zero, where p is any characteristic value p, or p,.
Moreover, in this case the difference of these Green’s functions is of the order
of p—. Hence we may write, when \ is a point of a circle ¢/, and |\ | is suffi-
ciently large,

| T'(x,2,8) — T(2,t,N) | <N/ |2,
where N is a constant. But from this and (21), (21’) it follows that
| o/ —a,| <N/r,

where 7, is the minimum of |\| on the circle ¢/. Since the numbers o,
and o, are integers whereas r, increases indefinitely with », it follows that for
v sufficiently large ¢, =o0,, i.e. the number of values A; counted with their
multiplicities which lie in ¢/ is equal to the multiplicity of A/ when |\/ |> A.

As to the actual multiplicity of the value A; we note that because of
the hypothesis (vi) these values are in general simple and can be at most
double. A necessary though not sufficient condition for double charac-
teristic values is that # be even and that the values 6; defined by Birkhoff
[B, p. 383 ]* satisfy the relation

012 - 40002 = 0.
We formulate these results as follows.

THEOREM 3. If the kernel of the normalized integral equation (4) satisfies
the hypotheses (iv)-(vi), then there exist infinitely many characteristic values
N, 7=1,2, - - . These values are represented asymptotically by the quantities
N given by (20) in the semse that for |\| sufficiently large all values \; lie
within circles ¢; of arbitrarily small radii & about the quantities N\, as centers.
The characteristic values are in general simple and in general but one lies in a
circle ¢]. A necessary condition for double characteristic values or that circles
¢ enclose two characteristic values is that n be even and that

012 - 40002-’_—' 0.

* Cf. also Tamarkin, Sur quelques points de la théorie des équations différentielles etc., Rendiconti
del Circolo Matematico di Palermo, vol. 23 (1912), pp. 345-382.



1928] INTEGRAL EQUATIONS WITH DISCONTINUOUS KERNELS 463

9. The characteristic functions. In the deduction of the asymptotic
expressions for the characteristic functions the formal work for the case
when the integer # is odd differs to some extent from that for the case when
n is even. To avoid repetition we shall treat only the case in which # is odd.
The reader will find no difficulty with the parallel deductions for the omitted
case.

By the corollary to Theorem 2 the given integral equation is equivalent
to the homogeneous system (15). Let

yl(x)7y2(x)’ R} yﬂ(x)

be any fundamental set of solutions of the differential equation

(22) L(y) + Ay =0.
Further let 5(¢) designate the determinant
YO - - ()
&) = e )
yn® 3

and §;(¢) the cofactor in 8(¢) of the element ¥,V (). Then upon setting

2k(f) = 0x(2)/8(2) (k=1,2,---,m),
the general solution of the non-homogeneous equation
(23) L(u) + M = ¢(x)
may be written in the form
(2 W) = 3 e + [ w0000,
faml [}
wherec;, j=1,2, - - -, n, are arbitrary constants, and

B
2yi(®)zi())  fort < =,
(25) y(zH={ ™
> yi@)szi(t) fort> =.
jmit1
In this 4 may be chosen as any integer of the set 1,2, - - - , n.
Let N be chosen now as a characteristic value of equation (4) and set
p*=\. Further let w;, j=1, 2, - - -, n, designate the # roots of the equation
w*+1=0, the subscripts being so assigned that

R(pw1) < R(pws) < - - - = R(pwn).
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The integer p in (25) we shall choose so that
R(pwu-1) < 0 < Rpwuy1).

There exists then [B, p. 391] a fundamental set of solutions y;(x) of equation
(22) whose asymptotic form is given by the relations

d*y;(%)
= eP¥jZps 8| *
dx e’i%p [wl ]:
(26)
d’z;(t) 1 .
— = ;e—p@,:pa—w [(_ w,~)““]

(s=0,1,--+,n—1).

We define the quantities 7,(x, £) now by the formulas

B -—wi‘
Y et | — , whent < x,
n

=1

n w,‘
D emita—t) [——], when ¢ > x.
n

J=p+1

(27) T(%,8) =

Then we obtain from (25) and (26) the relation
(28) 'Y(x)t) = P—"+171(x1t)°

Now by Theorem 3, |p—p/ | is uniformly small when |p| is sufficiently

large, p/*=X\/ being a characteristic value of the system (15’). With the use
of formula [B, p. 385]

2y a E
(29) oy = {1+—+—2},

Wy v v

a being a constant, it is readily found therefore that the quantities

t<zxforj=1,2,---,p,

(z—t
eP“,(z )’

t>xforj=p+1,:---,mn,

are uniformly bounded.
Returning to equation (23) let ¢(x) be chosen as the function

(@ 80 = T e+ [ hm,duoee,
i=1 0

30

( ) (b) ci’=li(u)’ (j=1’2"",m)7

* We use here the notation of [B, p. 389] wherein [w] designates an expression of the form
w+E’o and E is bounded for | | large.
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the quantities involved being those which occur also in equation (15a).
The equation (23) becomes then identically the equation (15a) with f(x) =0.
Hence it is found on substituting the forms (25) in equation (24) that the
solution of the homogeneous equation (15a) satisfies the relation

(31) ue) = Lo + Seivia)+ [ Bouoa,
where .

¥y(x) = f ¥(z,0®(0)dt,
(32) y

H(zt) = f Yz, )0, D,

Under the hypothesis (v) the functions ®;(¢) are continuous and have
derivatives of bounded variation on (0, 1), while k(¢, £) as a function of ¢
with £ fixed has the same properties on each of the sub-intervals (0, £) and

& 1).
Consider the integral H(x, £). Integrating the formula (32) by parts we
obtain

H(x,8) = — p{— h(x,8)[1] + ro(x,8) [B(E —,8) — h(E +,8)]

(33) ,
— ro(x, 0K(0,8) + rolx, 1)A(1,E) — f rolz, D) et B)de} |
0

and differentiation of this leads to the formulas
0°H(x,8)
ax* h

- p-~+~{f.<x,z) [h(E — 8 — (& +,8)] — ra(x,0)h(0,8)
(34) ‘
To(x,0) h;(t,i)dt}

(s=1,2,---,n—1).

+ r(x, D A(LLE) — f

0

Since (¢, £) is of bounded variation in ¢ we may apply the second law of the
mean to show that the integrals remaining in these formulas are of the form
E/p. Hence we find that

3*H(x,£) E
dx* - pn—a

(35) (s=0,1,2,---,n—1),

The formula for ¥;(x) in (32) may be treated precisely as we have treated
that for H(x, £). Recalling that ®;(¢) is continuous throughout (0, 1) we
find from the formulas analogous to (33) and (34) that



466 J. D. TAMARKIN AND R. E. LANGER [July

d*¥(x)

(36) dx*

_ p—n+:{80.q>,-(x) + -r.(x,O) ‘1’,’(0) - To(x, 1) q’i(l) + %}

(s=0,1,2,---,n—1).

From (35) it is seen directly that the kernel H(x, £) of the integral
equation (31) possesses a reciprocal kernel $(x, £) for all values of p suffi-
ciently large in absolute value. In “solved” form, then, equation (31) may
be written

@7 w(x) = Sei(@) + Sciaga),
ju1 j=1
where .
Yi(2) = yi(x) — f $(x,D)y:(D)dk,
(38) °

1
0() = %)~ [ $(, 0%,k
[]
From the Neumann series for $(x, £), i.e.

$(z,5) = — H(z, ) — f H(x,)H(,8)dt

_ f ' f B ) Bt ) B, Dty — - - -
0 0

together with formula (35) it is evident that

9 9(x,8) __E

(39) ax* pn—l

(s=0,1,2,--- ,n—1).

In consequence of this and (36) we see that
d*Qi(x)
dx*

(40) = P"'+‘{5oa‘1’i(x) + 74(x,0)@;(0) — 7.(x,1)®;(1) + 'Ep;‘}

(5=0,1,2,-+.5—1),
while from (26)

a'yi(x
i( )_ — p'e’“i’[w:’.]o
dx®

(41)

For the evaluation of the characteristic function %(x) from formula
(37) it is still necessary to determine the #+m constants ¢; and ¢/. For

L0 i isj
Wil g s
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this d.termination we have the equations (15b) and (30b) which become on
substituting in them the value of %(x) as given by (37)

(42) Smiscit+ X miici=0 (i=1,2,---,n+m),
k=t i=1
where

1
{L.-(Y,,) - f @)Y s()dE, wheni<n,
mi;x = 0

-— l Y , h s — ;
(43) ,,(l k) wheni=n+p
: {L.-(n,-) ~ [ a@oi0d, whenisn,
mi,j = 0
8pi — 15(Q7), when i = n + p.

We may assume without loss of generality that the set of operators
L:(u) have been reduced to the normal form [B, p.-382] in which

Li(u) = W) + Wa(u),

where bt
Wio(u) = aau*2(0) + 3 a:iju'd(0),
Wa(u) = bau*9(1) + E bisut(1),
and =

n—12 k= k= -2 ka.

On the other hand by the definition of the operators /;(#) we may assume
the subscripts so assigned that

1i(w) {either w2200, h 12 by = he> =h
(%) = eren— 12~ = he= -+ 2 hm.
i or u(hl)(l)’ w 1 2

Due to these peculiarities of structure of the operators involved we find
readily from (43) with use of (40) that

, {p"“"E fori = n,
mi,i = .
[6p;] fori=n+ p.
Since a;(£) possesses a derivative which is of bounded variation we find
also from (41) that
E/p fork=1,2,-:-, 4,

1
—_ j; a.(E)Yk(f)dé = {e’“hE/pfOl’ b= B + 1’ U R
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Hence it follows that, for i <,

(pws) *¢[a;] when k< pu—1,
mig = { (pwr)¥{ [a:] + e [b:]} when & = p,
(pwi) Fieror [b;] when k= u+1,
while for i=n+p,
(pwi)*»[a; ] when k < u — 1,
mix = { (por){[a7] + e#x[b; ]} when k =,
(pwi)rveree[b,] | when k2 p+ 1,

every a, and b, being either O or 1.

If we consider as unknowns in system (42) the quantities ¢¢’ in place of
the quantities ¢ where

' {ck when k =1,2, .-, u,
Ck =
crerwhenk=u+1,---,n,

and remove from the sth equation, 2=1,2, - - - | n, the factor p*, the matrix
of the resulting system becomes

[ [A.n]' .. {[Al,‘] _.|_em[31”]} e [B}n] Ep:—n - .Ep-.-nw
(44) Aal- -+ {[Am]+ es[Bu]} - - - [Bu) Eo~» - - -Ep—

] - o[ ]+ e [BL] - - B ] D] - [ |

pn[dm] - - - ptn{[dna] + e [BL]} - - - o [Baa] [bmi] - - - [Smm])

where the A;;, A:}, B;;, B;! are constants. The equation D(p) =0, where
D(p) is the determinant of the matrix (44), is precisely the characteristic
equation by which the characteristic numbers are determined. Since we
suppose p a characteristic number it follows that the system (42) admits of
a solution in which at least one of the unknowns differs from zero.

The associated matrix for the differential system (15’) is readily shown
to be

[411]' - {[Aln]jl'e""‘[Bm]} SRR [19{1"]
(45) : : :
[4n] - - - {[4n] + e+ [Bau]} - - - [Baa]

Let the determinant of this matrix be A(p). Then A(p) =0 is the characteristic
equation of the differential system (15”). The condition (vi) that this dif-



1928] INTEGRAL EQUATIONS WITH DISCONTINUOUS KERNELS 469

ferential system be regular implies that at least one of the -cofactors of the
elements of the uth column of A(p) does not vanish. Due to the structural
relationship of the matrices (44) and (45) it is readily seen to follow for |p|
sufficiently large at least one of the cofactors of the elements of the uth
column of D(p) is different from zero. Hence the ratios of the unkhowns
' and ¢/, k=1,2,---, n; j=1, 2,-- -, m, are obtainable from the
ratios of the cofactors of a row of the determinant of (44). Substituting in
these cofactors the value
eron = [e2rialb’p],

given by (29), we may write
(46) ciicar v v v tCuteRUIC, L1t - s s PG L s iCm
= [01]:[Q:]: - - - :[Qa]:p™ 2 [Qnia]: - - -+ o™ [Quim],

each Q; being a constant which may be computed from the elements of (44)
and at least one Q; (=1, 2, - - -, n) differing from zero. Upon substituting
the quantities on the right of (46) for the coefficients in (37) and using (40)
and (41) we find the form of the function #(x). The result we state as follows.

THEOREM 4. If the normalized integral equation satisfies the hypotheses
(iv)-(vi) the characteristic function u(x) corresponding to the characteristic
value N\ =p" is of the form

u(x) = f:ewf’[Q:’] + ﬁl ei =1 [Q;],

=1 j=pt1

ds » n
29 =] Bomelowr] + 2 ewevlop] |

dx* j=1 j=pt1

(s=1,2,-+,n—1)
the quantities Q; being constants.

10. The expansion of an arbitrary function. Let f(x) be any function
which is integrable on the interval (0, 1). We consider the following integrals

1 1
In(f) = —- fc ' fo T'(x,t,N\)f(H)dtan,

@ 211ri l
Ly o

where T' and I/ are the Green’s functions defined in §§6 and 7, and Cy is
a circle |\ | =Ry where | Ay | <Ry <|Av11]* The radius Ry may be chosen

IV () =

* If there are infinitely many double characteristic values, N is to take on only those values for
which this inequality is possible.
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moreover so that Cy for every N sufficiently large has no points in common
with any of the small circles ¢, with radii  and drawn with the points \, as
centers. It is known then [T, Theorem 6] that

0 uniformly 0 < e S 250 <1,

(48) lim {Iv(f) — I¥ ()} = f lTo(t)f(t)dt forx =0,
N—0 []

f TS0t forz =1,

where the functions T(#) and T,(¢) are known and do not depend on f(x).
Now, if we remember the definition of the sets {%,, v,}, {#/, v/}, we may
write

(49) () =2, i) =20,
where

N 1
S = Tz f FOndt,
(5 0) =1 [

, M 1
Tl = Tu@ f ! (t)dt,

M being the number of characteristic values A/ within the circle Cy. By
Theorem 3 there exists a positive constant R such that when Ry > R the num-
ber of values \, between the circle Cx and the circle C: [\ | =R is the same as
the number of values A/ between these circles. From this it follows that
|N—M| is finite, not exceeding the number of characteristic values A,
within the circle C.
Consider now the identity
M 1
60 T -Zh=£3 [ [ Teansun.
=N 2xi ey Jo

Since
l I"(x,t,).) I <4 l XI ‘(ﬂ—l)ln’

where 4 is a constant [T, §18], it follows that each of the integrals on the
right of (51) converges uniformly to zero as N—o. We readily draw from
this the result which we formulate as follows.

THEOREM 5. If the normalized integral equation satisfies the hypotheses
(iv)-(vi) then the series

2.0 and X
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are equiconvergent for every integrable function f(x) in the interior of the interval
(0, 1), z.e.

lim {3°,() = 25N} = 0 uniformly for 0 <a < x< b < 1.

N—o0

At the end points x =0 and x =1 the difference of the series converges to
1 1
f To0)f()ds and f T(0)f ()
0 0
respectively, where To(t) and T1(t) are known and do not depend on f(x).*

The conclusions reached above enable us now to state also the following
facts [T, §35]:

THEOREM 6. If the normalized integral equation satisfies hypotheses (iv)-
(Vi) with n = 2, then when |\—\,|28 and |\| is sufficiently large its kernel
and its resolvent kernel admit of the absolutely and uniformly comvergent ex-
pansions

Rzt = 2 RK(x,8N), K(x,0) = — 2 R(=,1,0),
Pl yml
where R,(x, ¢, \) is the principal part of R(x, t, \) at the pole X\=X\,. The
solution of the non-homogeneous equation is then given by

© 1
u(z) = f(x) =2 Zl . R(x,8,N)f(D)dt,

the series converging uniformly and absolutely for every integrable function f(x).
If all the characteristic values are simple, these expansions are, more ex-
plicitly,

R(x,t’k) = Z.ol %v;(t) K(x)t) = i '—-——u'(i)v'(t)
u(z) = (fx) "‘Z} S _(x) f FOv (.

An analogous theorem has been stated also in the case where n=1 [T,

§35].

*Let {u', 5"} be the set of fundamental functions of the problem L(u)+Au=0,
Li(u) = [, ca(8)u(®)dt. On setting > n"(f) =210 (x) [, f(®)" (t)dt, it is readily proved that the
seriesY v(f) and)_(f) are equiconvergent on the whole of (0, 1), the end points inclusive,
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